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Abstract Recent evidence shows that in many societies the relative sizes
of the economic and social elites are continuously shrinking. Is this a natural
social phenomenon? We try to address this question by studying a special case
of a core-periphery structure composed of a social elite, namely, a relatively
small but well-connected and highly influential group of powerful individuals,
and the rest of society, the periphery. Herein, we present a novel axiombased model for the mutual influence between the elite and the periphery.
Assuming a simple set of axioms, capturing the elite’s dominance, robustness
and compactness, we are able to draw strong conclusions about the eliteperiphery structure. In particular, we show that the elite size is sublinear in
the network size in social networks adhering to the axioms. We note that this
is in controversy to the common belief that the elite size converges to a linear
fraction of society (most recently claimed to be 1%).

1 Introduction
In his book Mind and Society [22], Vilfredo Pareto wrote what is by now
widely accepted by sociologists: “Every people is governed by an elite, by a
chosen element of the population”. Indeed, with the exception of some rare
examples of utopian or totally egalitarian societies, almost all societies exhibit an (often radically) uneven distribution of power, influence, and wealth
among their members, and, in particular, between the elite and its complement, sometimes referred to as the masses. Typically, the elite is small,
powerful and influential, whereas the complementary part of society is larger,
less organized, and less dominant.
Looking more closely at social networks, the distinction between the elite
and the rest of society can be viewed as a special case of a more general
division that occurs in most complex networks, usually referred to as a coreperiphery partition of the network [5]. The core-periphery structure is arChen Avin, Zvi Lotker and Itzik Turkel
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Fig. 1 Fictional illustrative example: the social network of the Marvel’s superheroes.
Two heroes are linked if they appeared together in many comic book titles [1]. (a)
The network (139 superheroes, 924 edges), partitioned into an elite (red vertices and
internal edges) and a periphery (green vertices and internal edges). Blue “crossing”
edges connect elite and periphery vertices. (b) The (dense) elite subgraph (27 vertices,
252 edges). (c) The (sparser) periphery subgraph (112 vertices, 249 edges).

guably the most high-level structure of society, and the problem of identifying
this partition and understanding its basic properties has recently received increasing attention [19, 24, 26]. Generally speaking, the core vertices are more
highly connected and feature higher centrality values than the periphery vertices; these properties are naturally shared by elites in social networks.
However, we argue that elites have some additional significant properties,
which distinguish them as a special class of cores worthy of independent study.
In particular, these properties imply two notable characteristics of elites,
namely, that they are relatively small and that they possess a disproportionate
fraction of the power, resources, and influence in society.
In this paper we study the properties of social elites. Our main contribution
is a characterization of elites, i.e., a set of properties (formulated as “axioms”)
concerning influence and density that any elite must possess. We stress that
we do not claim these axioms hold for every core-periphery partition, nor do
we claim that every social network admits a core-periphery partition that
satisfies the axioms; in fact, it is easy to find examples of both real-life complex networks and classical evolutionary network models in which our axioms
are not met by any core-periphery partition. Rather, we focus on the class
of social networks that do admit core-periphery partitions that satisfy our
axioms, referred to hereafter as the class of elite-centered social networks.
A small illustrative example of the terms we use is provided in Figure 1.
It presents the network of the top 139 Marvel [1] superheroes and the 924
links interconnecting them, partitioned into an elite and a periphery as shown
by different vertex colors. Two striking features can be clearly observed in
this figure. First, the elite (containing, e.g., Captain America, Spiderman,
and Thor), depicted in 1(b), is dense and organized, while the periphery,
presented in 1(c), is much sparser and less structured. Second, the size of the
core is “only” 27 vertices, with 112 vertices in the periphery. Note that despite
this considerable size difference, the elite and the periphery have almost the
same number of internal edges (≈ 250).
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Our axiomatic characterization does not lead to pinpointing a single definition for the elite in a given social network. However, it is powerful enough
to allow us to derive several conclusions concerning basic properties of the
elite in society. Our main conclusion applies to the size of the elite. Recent
reports show that the gap between the richest people and the masses keeps
increasing, and that decreasingly fewer people amass more and more wealth
[14, 21]. The question raised by us is: can society help it, or is this phenomenon an unavoidable by-product of some inherent natural properties of
society? We claim that in fact, one can predict the shrinkage of elite size over
time (as a fraction of the entire society size) based on the very nature of social
elites. In particular, in our model, such shrinkage is the natural result of a
combination of two facts: First, society grows, and second, elites are denser
than peripheries (informally, they are much better connected). Combining
these facts implies that the fraction of the total population size comprising
dense elites will decrease as the population grows with time. We prove this
formally in Theorem 2.
A dual question we are interested in concerns the stable size of the elite
in a growing society: How small can the elite be while still maintaining its
inherent properties? In general, elites of constant size can exist in societies
where influence might be sharply asymmetric. In contrast, we show that if the
social network
is unweighted and undirected then an elite cannot be smaller
√
than Ω( m), where m is the number of network edges.
Supporting empirical results are presented in [4].

2 An Axiomatic Approach
The common approach to explaining empirical results on social networks
is based on providing a new concrete (usually random) evolutionary model
and comparing its predictions to the observed data. In contrast, we follow
an axiomatic approach to the questions at hand. This approach is based
on postulating a small set of axioms, capturing certain expectations about
the network structure and the basic properties that an elite must exhibit in
order to maintain its power in the society. Our axioms are inspired by elite
definitions like the one from Wikipedia, by which:
“In political and sociological theory, an elite is a small group of people who
control a disproportionate amount of wealth or political power”.

To conceptualize these informal definitions, we employ the fundamental notion of influence among groups of vertices, and propose three independent
properties related to the influence between the elite and the periphery. The
underlying assumption is that the excess influence of the elite allows it on the
one hand to control the rest of the population, and on the other to protect
its members from being controlled by others outside the elite. We refer to
these two properties as dominance and robustness respectively. In addition,
the “wealth” is shared by the elite few, implying that on average, the elite
members hold much more influence than individuals in the periphery. We
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refer to this property as compactness. We characterize elite-centered social
networks as the class of social networks that admit core-periphery partitions
satisfying these three properties. Next we make these properties more formal.
Influence and Core-Periphery Partition. We consider influence to be a
measurable quantity between any two groups of people from the population,
X and Y , denoted by I(X, Y ). The groups X and Y are not necessarily
distinct, and we are also interested in the internal influence exerted by the
vertices of a group X on themselves, referred to by I(X, X). We provide the
abstract notion of influence in social networks a concrete interpretation based
on edge weights. We also assume that every individual has a self-opinion
(modeled as a self-loop.) We denote the set of core vertices by C and the
rest of society (the periphery) by P. We call the pair (C, P), which satisfies
C ∩ P = ∅ and C ∪ P = V , a core-periphery partition, and study the four
influence quantities I(C, C), I(P, P), I(C, P) and I(P, C).
Formally, we model a social network as a directed, weighted graph G =
(V, E, ω), with a set V of n vertices representing the members of society,
connected by a set E ⊆ V × V of m directed edges, and a positive weight
function ω : E → R such that ω(e) > 0 for every e ∈ E. We are interested in
the relative (and not absolute) influence between vertices, so we shall initially
fix the weights of self loops to 1, thus defining a “unit of influence”, and
assume that all other weights arePrelativized to that unit, and next normalize
the weight function ω so that
= |E| = m. For a set of edges
e∈E ω(e) P
E 0 ⊆ E, define the weight of E 0 as ω(E 0 ) = e∈E 0 ω(e). Given an undirected
network, we consider each undirected edge as two equal weight directed edges.
Given an unweighted network, we consider all edges to have weight one.
For every vertex v and set of vertices X, let the set of directed edges
connecting v to vertices in X be denoted by E(v, X). Similarly, for vertex sets
X, Y ⊆ V , let E(X, Y ) denote the set of directed edges connecting vertices
in X to vertices in Y . Based on the edge weights, we define the influence of
X on Y , for X, Y ⊆ V , as
I(X, Y ) = ω(E(X, Y )) .

(1)

Note that in general I(X, Y ) 6= I(Y, X). However, if the social network
is undirected then I(X, Y ) = I(Y, X) for every X, Y ⊆ V . In addition we
define the total power of a set X to be
I(X) = I(X, X) + I(X, V \ X) .

(2)

Given a core-periphery partition (C, P) of V , the edge set E can be partitioned into four disjoint edge sets E(C, C), E(C, P), E(P, C) and E(P, P).
Looking at the adjacency matrix A(G) of the core-periphery network G [7],
these sets correspond to the four basic parts of the block-model representation
[15] of A(G).
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Elite-Periphery Axioms. We now propose three simple axioms that capture what we consider to be basic structural properties required of the coreperiphery partition (E, P) in elite-centered social networks2 , namely, dominance, robustness, and compactness. To state our axioms we first define three
corresponding quantitative measures for the dominance, robustness, and compactness of the elite E in a given (E, P) partition.
1. Dominance: The first measure, referred to as the elite dominance, concerns the balance of forces exerted on the periphery; namely, it compares
the influence of the elite on the periphery with the internal influence of
the periphery. Formally,
dom(E) = I(E, P)/I(P, P),
and the first axiom is:
(A1) Elite-Dominance: dom(E) ≥ cd , for a fixed constant cd > 0
This axiom states that the elite dominates the rest of society, namely,
that the external influence maintained by the elite E on the periphery P is
higher (or at least not significantly lower) than the internal influence that
the periphery has on itself. Such high dominance is essential for the elite
to be able to maintain its superior status in society.
2. Robustness: The second measure, referred to as the elite robustness, concerns the forces exerted on the elite, namely, it compares the internal influence of the elite with the influence of the periphery on the elite. Formally,
rob(E) = I(E, E)/I(P, E),
and the second axiom is:
(A2) Elite-Robustness: rob(E) ≥ cr , for a fixed constant cr > 0
This axiom claims that elite is robust; to maintain its cohesiveness and
be able to stick to its opinions, the elite must be able to resist “outside”
pressure in the form of the periphery’s external influence. To achieve that,
the internal influence of the elite E on itself must be greater (or at least not
significantly less) than the external influence exerted on E by the periphery.
3. Compactness: The third measure, referred to as the elite compactness,
concerns the disproportionality between the elite’s power and size. Let
I(X)
δX = log
log|X| denote the log-density of a set X ⊆ V . Then
comp(E) = δE /δV ,
and the third axiom is:
(A3) Elite-Compactness: comp(E) ≥ 1+cc , for a fixed constant cc > 0
2

To emphasize our focus on networks whose core is an elite, we denote the core set
of the partition by E rather than C.
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(A1) Dominance

(A2) Robustness

(A3) Compactness

Fig. 2 Graphical illustration of the three axioms. Elite vertices are gray. (A1) The
elite’s external influence (blue edges), I(E, P), dominates the periphery’s internal
influence (black edges), I(P, P). (A2) The internal influence of the elite, I(E, E), is
robust to the periphery’s external influence, I(P, E). (A3) The elite is more compact
and its average individual is more powerful than an average individual in the society.

This axiom states that the elite members are more compact (or dense)
than the entire network. This means that on average an elite member
holds significantly more power than an arbitrary member of society.
The three axioms are illustrated graphically in Figure 2. We say that a family
of n-vertex networks Gn , for growing n, satisfies the axiom A if there exists
some n0 such that Gn satisfies A for every n ≥ n0 .
Before showing the implications of these axioms we show that the three
axioms are independent. For any two axioms out of the three, there exist a
social network and a core-periphery partition that satisfies the two axioms
but not the third. More formally, we have the following.
Theorem 1 (Axiom independence). Axioms (A1), (A2), (A3) are independent, namely, assuming any two of them does not imply the third.
Proof Sketch. We prove the theorem by considering three examples of families
of n-vertex (undirected, unweighted) networks and core-periphery partitions
for them, described next. Each of these partitions satisfies two of the axioms,
but violates the third, implying axiom independence. The first network and
partition (Fig. 3(a)), depict a core that is robust and compact but whose
dominance tends to zero as the network size n grows to infinity. The second example (Fig. 3(b)) describes a core that is dominant and compact but
whose robustness tends to zero as the network grows. The last example (Fig.
3(c)) describes a core that is dominant and robust its compactness dominance
tends to one as the network size n grows to infinity. i.e., the average degree
of core members and periphery members is almost the same.

We observe that, as one can easily verify, there are certain networks for
which no core-periphery partition satisfies all three axioms (A1), (A2), and
(A3) simultaneously. Interestingly, in the special case of undirected networks,
axioms (A1) and (A2) are “inversely dependent”, namely, every network and
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(d)

Fig. 3 Network examples demonstrating the independence of the axioms (the gray
vertices form the core). (a) The core is robust and compact but not dominant. (b)
The core is dominant and compact but not robust. (c) The core is dominant and
robust but not compact. (d) An example of a network satisfying all three axioms.

every core-periphery partition must satisfy at least one of them. This implies
that there are no unweighted networks that disobey all three axioms.

3 The Size of the Elite
We can now use our axioms to provide bounds on the elite size. The class of
elite-centered social networks consists of social networks that admit a coreperiphery partition satisfying all three axioms. Our main theorm shows that
elite-centered social networks have a sublinear elite. Formally,
Theorem 2 (Elite Size). If (E, P) satisfies the dominance, robustness, and
compactness axioms (A1), (A2), and (A3), then the elite size is sublinear in
the size of society, namely,
δV

1

c · n δE ≤ |E| ≤ n 1+cc .
We find it remarkable that three simple and intuitive assumptions lead to
such a strong implication on the elite size. Note that Theorem 2 is controversial to the common belief that the elite size converges to a linear fraction of
a society’s size (most recently claimed to be 1% [23]). This discrepancy may
perhaps be attributed to the fact that our axiom-based approach characterizes the elite differently than in previous approaches.
To prove Theorem 2 we first observe that every network satisfying the
axioms has the following properties.
Lemma 1. If (E, P) satisfies the dominance and robustness axioms (A1) and
(A2), then the total influence of the elite is at least a fraction of the total
influence in society, namely, for some constant c1 > 0,
c1 · m ≤ I(E) ≤ m.
Proof. We first note that since ω(E) = m we have:
I(E, E) + I(E, P) + I(P, E) + I(P, P) = m,

(3)
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so I(E) ≤ m. By Eq. (3) and Axioms (A1) and (A2),
I(E, E) I(E, P)
+
≥ m,
cr
cd


1
1+
I(E) ≥ m,
min(cr , cd )

I(E, E) + I(E, P) +
so

hence I(E) ≥ c1 · m for constant c1 = (1 +

1
−1
.
min(cr ,cd ) )



Using Axiom (A3), the elite size can now be tightly bounded in terms of
the compactness parameters δE and δV , establishing Theorem 2.
Proof (Of Theorem 2). Recalling that m = nδV and I(E) = |E|δE , the
proof follows directly from Lemma 1 and Axiom (A3), which states that
δV /δE ≤ 1/(1 + cc ).

In reality, the question of an upper bound for the “typical” elite is unanswered: does the “universal” size of elites (if it exists) converge to a linear,
or a sublinear, function of the network size? In [4] we present evidence that
many social networks are elite-centered (namely, satisfy our axioms), which
indicates sublinear elites.
Interestingly, if Axiom (A3) does not hold, then it is possible for the elite
to be of linear size. This will be the case, for example, in social networks
where Dunbar’s theory holds [13]. Dunbar suggested a cognitive limit to the
number of people with whom one can maintain stable social relationships. If
this is the case, then one can show that an elite that satisfies Axioms (A1)
and (A2) must be of linear size. One can even claim a slightly stronger result,
stating that the elite’s average degree is bounded from above by a constant
times the average degree in the network (which necessitates linear elite size).
Formally, we state the following.
Lemma 2. If (E, P) satisfies the dominance and robustness axioms (A1) and
(A2), but has, for some constant c,
I(E)/|E| ≤ c · I(V )/|V |,
then |E| ≥ c3 · n for some constant c3 .
Proof. By Lemma 1, and since here I(E) ≤ |E|cm/n, we have |E| ≥ c1 n/c. 
We now turn lower bounds on the elite size. How small can the elite be
while still maintaining its power and satisfying the axioms? Let us first observe that in the general case of weighted or directed networks (such as twitter
for example), no nontrivial lower bounds hold, and the network may have an
extremely small elite (possibly even constant size) that satisfies our axioms.
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Lemma 3. There are (directed or weighted) networks for which an (E, P)
partition satisfies the dominance, robustness, and compactness axioms (A1),(A2),
and (A3), and the elite has a constant number of members.
Proof. For directed networks, a classical example is the star graph, where
a single vertex (the center, forming the elite) has a directed edge to each
of the periphery vertices (with no incoming edges). Clearly the star center
dominates the periphery, and it is robust and compact.
Next consider undirected weighted graphs. Consider a tree network with
n = 2k vertices, so m = 4k − 1 (including self-loops). The weight of each
self-loop is 1, totaling 2k. Now the tree is constructed from two stars, with
uniform edge weights of 1/2, plus an edge of weight k connecting the two
centers of the stars. It is easy to check that the sum of the edge weights is
m. The elite consisting of the two star centers satisfies all three axioms. 
In contrast, in undirected unweighted networks, the following lower bound
can be established for elite size.
Theorem 3. In an unweighted and undirected network G with a core-periphery
partition (E, P), if the core E satisfies the dominance
and robustness axioms
√
(A1) and (A2), then its size satisfies |E| ≥ c4 · m for some constant c4 > 0.
Proof. In the undirected case I(E, P) = I(P, E), so
I(E, E) + I(E, P) + I(P, P) = m.

(4)

By the two axioms and since G is undirected, we have
I(E, E) ≥ cr · I(P, E) ≥ cr cd · I(P, P).
Combining this with Eq. (4), we obtain


1
1
m ≤
1+
+
I(E, E).
cr
cr cd
Hence, when setting c2 = (1 + 1/cr + 1/(cr cD ))−1 it holds that
I(E, E) ≥ c2 · m.

(5)


Graph-theoretical considerations dictate that I(E, E) ≤ |E|
≤ |E|2 , imply2
p
ing that |E| ≥ I(E, E). Combined with Eq. (5), the theorem follows.

One can also show an example of what we call a purely
√ elitistic society,
where the elite reaches its minimum possible size of Θ( m) in undirected,
unweighted networks. See Figure 3(d) for an illustrative example.
We remark that in addition to the theoretical results on elite axioms and
properties, we also studied some real networks, in order to examine the extent
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to which our axioms manifest in reality, and provide evidence for the existence
of real elite-centered social networks [4].

4 Related Work
The axiomatic approach has been used successfully in many fields of science,
such as mathematics, physics, economy, sociology and computer science. See
[2, 17] for two examples in areas related to ours.
A variety of notions for measuring influence in a network and for coreperiphery partitions have been developed in the past (see the recent survey [9]). Borgatti and Everett [5] measure the similarity
between the adja
cency matrix of a graph and the block matrix 11 10 . This captures the intuition that social networks have a dense, cohesive core and a sparse, disconnected periphery. an intuition also reflected in the axioms postulated herein.
Methods for identifying core-periphery structures and partitioning networks include algorithms for detecting (along with statistical tests for verifying) a-priori hypotheses [6], a coefficient measuring if a network exhibits
a core-periphery dichotomy [19], a method for extracting cores based on a
modularity parameter [11], a centrality measure computed as a continuous
value along a core-periphery spectrum [24], a coreness value attributed to
each vertex, qualifying its position and role based on random walks [12], a
detection method using spectral analysis and geodesic paths [10], and a decomposition method using statistical inference [26]. The recent [25] argues
that the core-periphery structure is simply the result of several overlapping
communities and proposes a community detection method coping with overlap. None of these works consider the asymptotic size of a core/elite and the
possibility that its size is sublinear in the population size.
One of the first papers to focus on the fact that the highest degree vertices
are well-connected [27] coined the term rich-club coefficient for the density
of the vertices of degree k or more. Mislove et al. [20] defined the core of
a network to be any (minimal) set of vertices that satisfies two properties.
First, the core must be essential for ensuring the connectivity of the network
(i.e., removing it breaks the remaining vertices into many small, disconnected
clusters). Second, the core must be strongly connected with a relatively small
diameter. Mislove et al. used an approximation technique based on removing
increasing numbers of the highest degree vertices (rich clubs) and analyzing
the connectivity of the remaining graph. The graphs studied in [20] have a
densely connected core comprising of between 1% and 10% of the highest degree vertices, such that removing this core completely disconnects the graph.
Thus, the authors provide further evidence that rich clubs are crucial in social
networks and satisfy their core properties.
A very different perspective is offered in [18]; a network formation game
is studied, where benefits from connections exhibit decreasing returns and
decay with network distance. In line with our axioms, the equilibria of this
game form core-periphery structures. Another network formation game is
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developed in [16], where players invest in information acquisition. The authors
show what they call “The Law of the Few”: the economic forces are leading
to a robust equilibrium where the majority of individuals to obtain most of
the information from a very small subset of the group. The size of this subset
is sublinear, so its fraction out of the population converges to zero. While
these results hold under a more specific set of assumptions, they confirm the
results derived from our more general axioms.
Recently, [3] used ideas presented in this paper to study the influence
properties of the set of founders, the vertices arriving first, in the preferential
attachment model of [8] under different model parameters. If the number of
edges in the model is linear in the number of vertices (i.e., edge and vertex events happen with constant probability), then networks generated by
preferential attachment must have a linear size founders set to be dominant,
implying that this set will not satisfy our third axiom. On the other hand,
if the number of edges in the model is super-linear in the number of vertices
(i.e., the probability of vertex events decreases to zero over time), then the
generated networks feature a sublinear size founders set that is dominant.
This also demonstrates that both linear and sublinear cores are possible,
depending on the network type.

5 Conclusion
In this article, we provide axioms modeling the influence relationships between the elite and the periphery. We prove that for a core-periphery partition that satisfies our axioms, the core forms an elite of sublinear size in the
number of network vertices. In particular, this means that an elite is much
smaller than a constant fraction of the network, evidence of which is often
observed in the widening gap between the very rich and the rest of society.
Some of the above findings may have been known on an anecdotal level,
or may seem obvious; our axioms allow us to quantify the forces at play and
compare different core-periphery partitions. For example, it is shown in [3]
that also in the well-accepted preferential attachment model, that founder
cores might not satisfy all our axioms. Thus, it is of a major interest to find
evolutionary models in which elites as described here emerge naturally.
Our results not only advance the theoretical understanding of the elite of
social structures, but may also help to improve infrastructure and algorithms
targeted at online social networks, e.g., to organize institutions better, or
identify sources of power in social networks in general.
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